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A computationally efficient radiative transfer model (RTM) for calculating visible (VIS)

through shortwave infrared (SWIR) reflectances is developed for use in satellite and

airborne cloud property retrievals. The full radiative transfer equation (RTE) for

combinations of cloud, aerosol, and molecular layers is solved approximately by using

six independent RTEs that assume the plane-parallel approximation along with a single-

scattering approximation for Rayleigh scattering. Each of the six RTEs can be solved

analytically if the bidirectional reflectance/transmittance distribution functions (BRDF/

BTDF) of the cloud/aerosol layers are known. The adding/doubling (AD) algorithm is

employed to account for overlapped cloud/aerosol layers and non-Lambertian surfaces.

Two approaches are used to mitigate the significant computational burden of the AD

algorithm. First, the BRDF and BTDF of single cloud/aerosol layers are pre-computed

using the discrete ordinates radiative transfer program (DISORT) implemented with 128

streams, and second, the required integral in the AD algorithm is numerically imple-

mented on a twisted icosahedral mesh. A concise surface BRDF simulator associated with

the MODIS land surface product (MCD43) is merged into a fast RTM to accurately account

for non-isotropic surface reflectance. The resulting fast RTM is evaluated with respect to

its computational accuracy and efficiency. The simulation bias between DISORT and the

fast RTM is large (e.g., relative error 45%) only when both the solar zenith angle (SZA)

and the viewing zenith angle (VZA) are large (i.e., SZA4451 and VZA4701). For general

situations, i.e., cloud/aerosol layers above a non-Lambertian surface, the fast RTM

calculation rate is faster than that of the 128-stream DISORT by approximately two

orders of magnitude.

& 2012 Elsevier Ltd. All rights reserved.
1. Introduction

Fast forward radiative transfer models (RTMs) imple-
mented for specific satellite-based instruments, also known
All rights reserved.

Wang).
as radiance simulators, are important to the radiance
assimilation used in numerical weather prediction (NWP)
systems [1–4] and in the operational retrievals of atmo-
spheric profiles [5–7] as well as cloud [8–12] and aerosol
[13] properties. While numerous studies focused on the fast
radiance calculations in the infrared (IR) region (l44 mm)
[3,5,9–12,14,15], the forward radiance simulations in the IR
spectral region are relatively straightforward compared with
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those in the visible through shortwave infrared (VIS/SWIR)
regimes (0.4 mmolo2.5 mm). For example, the sources of
IR radiances, including thermal emission from the surface,
atmosphere, cloud, and aerosol layers, do not show signifi-
cant angular dependence, and the limited impact of the
anisotropic feature of surface reflection can be ignored due
to the small albedo [16,17]. Additionally, both cloud and
aerosol particles absorb more energy in the IR spectral region
[18–22] than in the VIS/SWIR spectral region mitigating
relatively complicated scattering effects. In the VIS/SWIR
region, however, the ‘‘quasi-isotropic’’ feature of radiance
vanishes because of multiple scattering processes within the
cloud/aerosol layers and with non-Lambertian surface reflec-
tion. Furthermore, the primary radiation source within the
VIS/SWIR spectral region is solar radiation, giving rise to an
azimuthal angular dependence of the radiance that is caused
partially by the quasi-collimated direct solar beam. Consid-
eration of both gaseous absorption and Rayleigh scattering
effects makes the implementation of numerical simulation
more difficult. If the cloud or aerosol layer is opaque, several
of the well-known RTMs [23–27], which deal with the
multiple scattering in the cloud and aerosol layers and
reflective non-Lambertian surfaces require significant com-
putational effort to simulate the radiance.

A number of challenges exist in the accurate forward
simulation of non-clear sky top of the atmosphere (TOA)
radiance in the VIS/NIR spectral region. First, the forward
radiance simulator requires information about the cloud/
aerosol layer, such as geometric height/thickness and opti-
cal/microphysical properties, and the atmospheric state,
including the temperature, pressure, and humidity profiles.
Modern satellite operational products and their correspond-
ing algorithms use a variety of approaches to infer cloud and
aerosol layer geometries [28–31], ambient temperature,
pressure, and humidity [32,33]. A number of reanalysis
products, such as the National Centers for Environmental
Prediction/Global Data Assimilation System (NCEP/GDAS;
[34]) and the NASA Global Modeling and Assimilation
Office/Modern Era Retrospective-analysis for Research and
Applications (GMAO/MERRA; [35]), provide near real-time
meteorological data that facilitate the forward simulation.

Second, the bidirectional reflectance distribution func-
tion (BRDF) of a non-Lambertian surface is needed. The
Moderate Resolution Imaging Spectroradiometer (MODIS)
operational land surface product (MCD43) provides a
series of parameters associated with a forward BRDF
model [36,37] to reveal the directional variance of surface
reflectance [38,39]. The surface BRDF over the ocean,
largely determined by the surface wind speed [40], can
also be simulated. The BRDF models for both ocean and
land surfaces are well developed and have been validated
using satellite-based and in-situ measurements [41].
However, the Lambertian surface assumption is still
widely used in current satellite-based cloud retrieval
algorithms, such as the ones for MODIS Collection 5
[42], the Spinning Enhanced Visible and Infrared Imager
(SEVIRI), and the Advanced Very High Resolution Radio-
meter (AVHRR) [43].

Although many rigorous radiative transfer schemes,
such as the adding–doubling (AD) algorithm [26,27] and
the discrete ordinates radiative transfer (DISORT) method
[23], have been developed, they require substantial com-
putational effort and are impractical for global satellite
remote sensing applications. Thus, it is critical to develop
computationally efficient RTM capabilities. In this paper, a
computationally stable and efficient AD algorithm is
explored that is designed to solve approximately the pro-
blem of radiation transfer in scattering and absorbing media
(thermal emission is omitted for simplification) above an
arbitrary non-Lambertian surface. Two novel features of this
algorithm are in its treatment of Rayleigh scattering and an
arbitrary number of cloud/aerosol layers and the associated
solid angle integration.

To consider separately both the impact of Rayleigh
scattering and the cloud/aerosol layers, we divided the full
radiative transfer equation (RTE) into six independent sub-
equations [44,45]. The total effect of multiple cloud/aerosol
layers is solved numerically using the AD algorithm. The AD
algorithm is known to be accompanied by a time consuming
integration process over a conjunct solid angle associated
with the two adjacent scattering and absorptive layers with
the resulting integral known as ‘‘star products’’ [46,47]. One
traditional solution is to calculate numerically the integral
with a constant zenith–azimuth (select constant values for
zenith and azimuth angles) discretization scheme [48]. The
use of this discretization scheme in a fast RTM is inappropri-
ate for two reasons. First, the radiance simulations slow
down computationally in the zenith (or nadir) direction, i.e.,
the zenith angle cosine is near 1 (or �1), where the variation
of BRDF is not significant. Second, the discrete solid angles in
the region where the zenith angle cosine is near zero (i.e.,
‘‘equator region’’) are larger than those in the zenith/nadir
region with the regular discretization scheme. However, the
BRDF always contains obvious variations in the ‘‘equator
region’’, and, as a result, the numerical integration can lose
significant accuracy. While we note that some AD codes have
chosen to circumvent this loss of accuracy by using a
constant cosine of zenith angle discretization (i.e., equal solid
angle [26]), we have instead selected a twisted icosahedral
grid [49] to calculate the integral efficiently.

The remainder of this paper is organized with the
Atmosphere–Cloud/Aerosol–Surface system described in
Section 2; the analytical solutions of the independent
RTEs briefly presented in Section 3; the numerical
approach for reducing the computational burden is intro-
duced in Section 4; and, the validation and summary are
discussed in Sections 5 and 6, respectively.

2. Scheme of the model

To take advantage of the well-accepted AD technique, the
RTE solver is designed for a plane-parallel and vertically
inhomogeneous medium above a reflective lower boundary.
Specifically, the background consists of two clear layers
without cloud or aerosol particles, and a ‘‘non-clear’’ layer
containing multiple consecutive cloud or aerosol layers
(Fig. 1), each of which is assumed to contain a homogeneous
absorbing and/or scattering medium such that the spectral
single-scattering albedo and phase functions are constant.
The Rayleigh scattering between any two consecutive cloud/
aerosol layers is neglected for simplicity. The extinction
caused by the clear-sky layer between the surface and the



Fig. 1. Illustrative diagram of a plane-parallel atmosphere consisting of two

clear layers, multiple cloud/aerosol layers, and a non-Lambertian surface.
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lowermost cloud/aerosol layer must be considered due to
the non-negligible effects of water vapor and other gases.
The sea-level Rayleigh optical thickness is generally smaller
than 0.1 [50] in the spectral regions (0.55, 0.66, 0.87, and
beyond 1.0 mm) primarily used to study surface, cloud, and
aerosol properties. Consequently, the Rayleigh scattering
can be accounted for based on a single-scattering approx-
imation [45], meaning that only one scattering event
between a single photon and an air molecule is assumed
for all the clear layers in the column. A weakness of this
approximation can be found for some cases, such as a high
cirrus cloud over a low water cloud layer. Further study is
required to efficiently take into account the Rayleigh scat-
tering between consecutive non-clear layers.

Following the derivation of principles of invariance
[44] and the Rayleigh scattering correction technique
[45], we separate the complicated process into six inde-
pendent events (Fig. 2). Photons are: (a) backward scat-
tered by gas molecules within the upper clear layer;
(b) first scattered by the upper clear layer and then reflected
by the non-clear layer; (c) reflected by the non-clear layer
and then scattered back toward the viewing direction by gas
molecules; (d) directly reflected by the non-clear layer; (e)
scattered by the lower gas molecules; and, (f) reflected due
to the Rayleigh scattering occurring in the lower layer and
then diffusely transmitted to the non-clear layer. The
satellite-observed TOA bidirectional reflectance (RTOA) con-
tributed by the six events can be expressed as the summa-
tion of the six individual parts.

3. Analytical solution

To specify the geometry of the incident solar beam and
the viewing direction, the TOA radiance contributed by
each of the six independent parts can be derived by
solving six individual RTEs with different boundary con-
ditions and can be expressed in terms of bidirectional
reflectance functions. The definition of bidirectional
reflectance is in the form:

R mv,jv,�mi,ji

� �
¼
pI 0,mv,jv

� �
miF0

, ð1Þ

where m is the cosine of zenith angle, j is the azimuth
angle, F0 is the incident solar irradiance at the TOA, and
the subscripts i and v indicate the incident and viewing
directions respectively. The spectral dependence is implied.
The six bidirectional reflectance functions can be expressed
as follows:

RI ¼
ouP�iv

4 miþmv

� � 1�exp
�tu miþmv

� �
mimv

� �� �
, ð2aÞ

RII ¼
ou

4p exp �
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mv
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0
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m0�mi

PijRjv exp
�tu
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� �
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�tu
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� �� �
dm0dj0,
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� �
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RV ¼
olP�iv
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mimv

tcþtuð Þ

� �
1�exp �

miþmv

mimv
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RVI ¼
ol

4p exp �
tcþtu

mi

� �
exp �

tu

mv

� �Z 2p

0

Z 1

0

m0

miþm0
P�ijTjvdm0dj0,

ð2fÞ

where the subscript j is associated with m0 and j0; tu, tl, and
tc correspond to the extinction optical thickness of the
upper clear layer, lower clear layer, and the total effect of
non-clear layer (i.e., consisting of consecutive cloud/aerosol
layers), respectively; and ou and ol are the single-
scattering albedo values of the upper and lower clear layers
respectively. Under the assumption that energy is con-
served during the Rayleigh scattering process, the single-
scattering albedo of a clear layer can be expressed as

o¼ tR

tRþta
, ð3Þ

where tR and ta indicate the Rayleigh and absorption
optical thicknesses respectively. Consequently, the denomi-
nator of Eq. (3) is essentially the extinction optical thickness
of a clear layer, while P, R, and T, respectively, represent the
Rayleigh phase function, the bidirectional reflectance, and
transmittance (diffuse) function of the non-clear layer. The
two subscripts associated with each of P, R, T functions
specify the incoming direction (the former) and the out-
going direction (the latter). Additionally, a negative sign
before the two subscripts of P indicates that the signs of the
incoming and outgoing zenith angle cosines are different.

The BRDF of a cloud (or aerosol)–surface system (Rcs) or
cloud–cloud (or aerosol) system (Rcc) and the bidirectional
transmittance distribution function (BTDF) of a cloud–cloud
(Tcc) system are necessary to derive Eqs. (2b)–(2f). In the
rigorous AD algorithm [26,27], the R and T functions of a
single layer cloud/aerosol are numerically computed with
the so-called doubling process. This process starts with a
cloud/aerosol layer with an infinitesimal optical thickness
(e.g., t�10�8 in numerical calculation) so that the single-
scattering approximation can be applied. However, it is
time-consuming if the cloud/aerosol layer is not optically
thin. In this study, the computational burden resulting from



Fig. 2. Six possible paths of photons transferred within the atmosphere–cloud/aerosol system. Photons are: (a) backward scattered by air molecules of

the upper clear layer; (b) forward scattered by the upper clear layer and then reflected by the non-clear layer; (c) reflected by the non-clear layer and

then scattered back toward the viewing direction due to the Rayleigh scattering; (d) directly reflected by the non-clear layer; (e) scattered by the air

molecules within the lower layer (no interaction with the non-clear layer); and, (f) reflected due to the Rayleigh scattering occurring in the lower layer

and then diffusely transmitted to the non-clear layer. The dashed lines indicate the reflected radiation in the direction of satellite-based instrument.

Fig. 3. Illustrative diagram of the adding algorithm applied to the cloud/

aerosol and non-Lambertian surface system.
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the doubling process is alleviated by using a set of pre-
computed R and T lookup tables (LUTs) for single homo-
geneous cloud or aerosol layers [15]. The AD method
(although the doubling process is avoided, we will continue
to use the AD term for convention) is employed to simulate
R and T functions of the non-clear layer and the reflective
non-Lambertian surface.

The cloud–surface system is illustrated in Fig. 3.
As mentioned in Section 2, the absorptive gases within the
clear layer between the surface and cloud lower boundary
need to be taken into account. The first-order Rayleigh
scattering has been included in the fifth and sixth indepen-
dent events (shown in Fig. 2e and f). As shown in Fig. 3, the
optical thicknesses of the non-clear layer and clear layer are
tc and ta, while Rc and Tc indicate the BRDF and BTDF of the
non-clear layer. The nth order of radiance reflected by the
cloud–surface system is Iref�n. The total reflected intensity,
Iref, is expressed as the summation of all the orders. If we
define a star product operator [46] as

X m,j
� �

nY m,j
� �

¼
1

p

Z 2p

0

Z 1

0
X m,j
� �

Y m,j
� �

mdmdj, ð4Þ

where X and Y are two arbitrary functions of m and j then
the first three orders of intensity are given by:

Iref�1 ¼ Iinc,inRiv, ð5aÞ
Iref�2 ¼ Iinc,in Tc,ijþdijtc,j

� �
nta,jRs,jkta,kn Tc,kvþdkvtc,v

� �
, ð5bÞ

Iref�3 ¼ Iinc,in Tc,ijþdijtc,j

� �
nta,jRs,jkta,knRc,klta,lnRs,lm

ta,mn Tc,mvþdmvtc,v

� �
, ð5cÞ

where the subscripts i, j, k, l, m, and v indicate the direction
of incident or reflected (transmitted) radiance. For example,
Tc,ij indicates the BTDF for a situation in which the incident
radiance toward direction i is scattered by the cloud/aerosol
particles and eventually transmitted out of the layer toward
direction j. Iinc,i is the incident radiance toward the direc-
tions, i, tc,j, and ta,j, and defined as follows:

tc,j ¼ exp �
tc

mj

 !
, ð6aÞ

ta,j ¼ exp �
ta

mj

 !
, ð6bÞ

which are the direct transmittance functions of the non-
clear and clear layers. dij is the Kronecker delta defined as

dij ¼
1, i¼ j

0, iaj
:

(
ð7Þ

with the definition of bidirectional reflectance, Eq. (1), Rcs,iv

can be given by:

Rcs,iv ¼ Rc,ivþ Tc,ijþdijtc,j

� �
nUcs,jpn Tc,pvþdpvtc,v

� �
, ð8Þ

where Ucs,jp is defined as

Ucs,jp ¼ ta,jRs,jpta,pþta,jRs,jkta,knRc,klta,lnRs,lpta,p

þta,jRs,jkta,knRc,klta,lnRs,lmta,mnRc,mnta,nnRs,npta,pþ � � � :

ð9Þ

The cloud–cloud system is essentially the same as the
cloud–surface combination. In a like manner, Rcc,iv and
Tcc,iv can be expressed as

Rcc,iv ¼ R1,ivþ T1,ikþdikt1,k

� �
nUcc,kpn T1,pvþdpvt1,v

� �
, ð10Þ



Fig. 4. Twisted icosahedrons inscribed in unit spherical surfaces. Left

panel: 320 small triangles. Right panel: 1280 small triangles.

Fig. 5. An example of dividing a triangle into 16 small triangles, which

are continually projected onto the spherical surface.
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Tcc,ij ¼ T1,iknta,kT2,kjþT1,ijta,jt2,jþt1,ita,iT2,ij

þ T1,ikþdikt1,k

� �
nDcc,kqn T2,qjþdqjt2,j

� �
, ð11Þ

and Ucc,kp and Dcc,kq are defined as

Ucc,kp ¼ ta,kR2,kpta,pþta,kR2,klta,lnR1,lmta,mnR2,mpta,p

þta,kR2,klta,lnR1,lmta,mnR2,mnta,nnR1,nota,onR2,opta,pþ � � � ,

ð12Þ

Dcc,kq ¼ ta,kR2,klta,lnR1,lqta,qþta,kR2,klta,lnR1,lmta,mn

R2,mnta,nnR1,nqta,q

þta,kR2,klta,lnR1,lmta,mnR2,mnta,nnR1,nota,onR2,opta,pn

R1,pqta,qþ � � � , ð13Þ

where the subscripts 1 and 2 indicate the upper and lower
cloud/aerosol layers. Note that ta indicates the transmit-
tance function between the two non-clear layers.

4. Numerical solution

In the previous section, we derived a generally applic-
able solution of the TOA bidirectional reflection. However,
to achieve a rapid and accurate model for operational
applications, we need an appropriate way to select the
quadrature points and weights of the spherical solid angle
integration shown in Eq. (4). With a simple discretization
scheme, the integral could be easily calculated on a grid
with constant zenith angle and azimuth angle intervals
[48]. However, several problems arise associated with a
regular zenith–azimuth discretization scheme. For example,
the area of differential element rapidly decreases towards
the zenith. As a result, the numerical integration based on
this grid scheme increases the computational burden in the
pole region (i.e., m is close to 1), and decreases the accuracy
near the equator (i.e., m is close to 0).

Various studies have focused on the approaches of
discretization on a sphere [51,52], and many of these
methods have already been applied in numerical models
[49]. In this study, we conduct the numerical calculation on
a twisted icosahedral grid (Fig. 4), which has been succes-
sively utilized to numerically calculate the shallow-water
equations in the atmospheric general circulation model
(AGCM) [53] developed by Colorado State University. The
primary advantages of a twisted icosahedral grid are (1) the
elemental triangles have similar areas and shapes, which
stabilizes the accuracy of the numerical integration; and,
(2) the grid is symmetric with respect to the ‘‘equator’’ (i.e.,
none of the elemental triangles spans the ‘‘equator’’), (3)
this discretization scheme does not use a Fourier cosine
series to factor out the azimuth dependence [23,54]. These
features simplify the adding processes; however, one must
be very careful in generating the BRDF/BTDF database of
cloud/aerosol layers on a twisted icosahedral gird due to
the significant forward peak of the particle phase function
resulting from diffraction.

Many numerical methods [55,56] have been developed
to mitigate the effect of the strong forward peak so that
the phase function can be approximated as a summation
of Legendre Polynomials with limited terms. However, the
truncated phase functions (especially for large particles)
in the forward directions (e.g., scattering angleo51) are
larger than those in the semi-forward directions (e.g.,
51oscattering angleo101) [56]. For this reason, in addi-
tion to using the delta-fit method [56] to truncate the
phase function in the generation of both transmittance
and reflectance LUTs, we continually refine the elemental
triangles in the forward directions when calculating the
diffuse transmittance LUTs. The use of icosahedral grid
makes this step easy. Specifically, the triangles in the
forward directions (i.e., scattering angleo51) are first
divided into 16 or 64 sub-triangles with approximately
the same area and then projected onto the spherical
surface (see Fig. 5). The diffuse transmittance function in
the forward direction is the average of the 16 or 64
transmittance functions calculated in the normal direc-
tions of the re-projected sub-triangles.

In accordance with the order of six independent
events, we successively give their contributions to the
TOA bidirectional reflectance in the form of numerical
solutions. Assume that a twisted icosahedron has 2N

elemental facets, half of which are located in the upward
hemisphere. The area of the nth facet in the upward
hemisphere is An. The surface area of the upward hemi-
sphere is then given by:

S¼
XN

n ¼ 1

An: ð14Þ

The numerical forms of RI to RVI shown in Eq. (2) can be
expressed as

RI ¼
ouP�iv

4 miþmv

� � 1�exp �ctuð Þ½ �, ð15aÞ
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RII ¼
ou

2S
tu,v

XN

mjami

j ¼ 1

mj

mj�mi

 !
PijRjvAj tu,j�tu,i

� �
þ lim

mj-mi

tu

mj

PijRjvAjtu,j

 !2
664

3
775,

ð15bÞ

RIII ¼
ou

2Smv

tu,i

XN

mjamv

j ¼ 1

mjmv

mj�mv

 !
RijPjvAj tu,j�tu,v

� �
þ lim

mj-mv

tuPijRjvAjtu,j

� �
2
664

3
775,

ð15cÞ

RIV ¼ tu,itu,vRiv, ð15dÞ

RV ¼
olP�iv

4 miþmv

� � exp �c tcþtuð Þ½ � 1�exp �ctlð Þ½ �, ð15eÞ

RVI ¼
ol

2S
tcu,itu,v

XN

j ¼ 1

mj

miþmj

P�jiTjvAj, ð15fÞ

where c is a coefficient defined as

c¼
miþmv

mimv

, ð16Þ

and tcu,i is the direct transmittance function:

tcu,i ¼ exp �
tuþtc

mi

� �
: ð17Þ

The BRDF or BTDF of a cloud/aerosol layer or surface
can be simply expressed in the form of N�N matrices,
e.g., Rc, Tc, and Rs. Hence, Rs,jk shown in Eq. (5) represents
the element at the jth row and kth column of matrix Rs.
Additionally, the star product can be rewritten as

X m,j
� �

nY m,j
� �

¼ f
XN

i ¼ 1

XiYimiAi, ð18Þ

where f is a normalization factor defined as

f ¼
2PN

i ¼ 1 Ai

¼
2

S
: ð19Þ

Through using matrix multiplication and Eq. (18), we
conclude that the star product of two bidirectional reflec-
tance matrices, e.g., Rc and Rs, can be expressed as

RcnRs ¼ f RcRs: ð20Þ

The definition of the notation ‘‘bar’’ is

R¼

R11A1m1 R12A2m2 � � � R1NANmN

R21A1m1 : : :

: : : :

RN1A1m1 � � � � � � RNNANmN

2
66664

3
77775: ð21Þ

Therefore, Ucs in Eq. (9) can be expressed as

Ucs ¼Rgsgþ f 2RgsgVcsþ f 4Rgsg VcsVcs

� �
þ � � � , ð22Þ

Vcs ¼ RcgRsg , ð23Þ
where the matrices Rgsg, Rcg, and Rsg are defined as
follows:

Rgsg ¼

ta,1Rs,11ta,1 ta,1Rs,12ta,2 � � � ta,1Rs,1Nta,N

ta,2Rs,21ta,1 : : :

: : : :

ta,NRs,N1ta,1 � � � � � � ta,NRs,NNta,N

2
66664

3
77775,

ð24aÞ

Rcg ¼

Rc,11ta,1 Rc,12ta,2 � � � Rc,1Nta,N

Rc,21ta,1 : : :

: : : :

Rc,N1ta,1 � � � � � � Rc,NNta,N

2
66664

3
77775, ð24bÞ

Rsg ¼

Rs,11ta,1 Rs,12ta,2 � � � Rs,1Nta,N

Rs,21ta,1 : : :

: : : :

Rs,N1ta,1 � � � : Rs,NNta,N

2
66664

3
77775: ð24cÞ

Hence, based on Eq. (20), we can replace the formula-
tion of the bidirectional reflectance of the cloud–surface
system shown in Eq. (8) by the following equations:

Rcs ¼Rcþ f 2TcWcsþ f XcsþYcs, ð25aÞ

Wcs ¼UcsTc , ð25bÞ

W0
cs ¼ TcUcs: ð25cÞ

Xcs is a symmetric matrix whose entries can be gen-
erally expressed as

Xcs,ij ¼Wcs,ijtc,iþW 0
cs,ijtc,j, ð25dÞ

and the general expression of entries of matrix Ycs is

Ycs,ij ¼ tc,iUcs,ijtc,j: ð25eÞ

Similarly, the bi-directional reflectance matrix Rcc

for a cloud–cloud system is given by

Rcc ¼R1þ f 2T1Wccþ f XccþYcc , ð26aÞ

where

Wcc ¼UccT1, ð26bÞ

W0
cc ¼ T1Ucc , ð26cÞ

Xcc,ij ¼Wcc,ijt1,iþW 0
cc,jit1,j, ð26dÞ

Ycc,ij ¼ t1,iUcc,ijt1,j, ð26eÞ

Ucc ¼ Rg2gþ f 2Rg2gVccþ f 4Rg2g VccVcc

� �
þ � � � , ð26fÞ

Vcc ¼R1gR2g , ð26gÞ

and the corresponding bidirectional transmittance matrix
Tcc is given by:

Tcc ¼ f 2T1Eccþ f T1T2þGcc

� �
þHcc , ð27aÞ

where

Ecc ¼DccT2, ð27bÞ

Dcc ¼ f V0ccþ f 3V0cc V0ccþ f 5
½V0cc V0cc V0cc

� 	
�þ � � � , ð27cÞ



Fig. 6. Relative errors of TOA BRDFs at 0.64 mm simulated by the fast

model (black) and the 16-stream DISORT (gray) in comparison with the

benchmark model (i.e., DISORT with 128-stream). Single ice cloud layer

and a non-Lambertian surface are considered. Three SVA values, 101, 351, and

501, are employed and their corresponding results are demostrated using

solid lines, dotted lines, and dashed lines. Upper panel: t¼2.0 (at 0.64 mm),

effective radius (Reff)¼25 mm; lower panel: t¼5.0, Reff¼25 mm.
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V0cc ¼Rg2gR1g , ð27dÞ

Gcc,ij ¼ Ecc,ijt1,iþFcc,ijt2,j, ð27eÞ

Fcc ¼ T1Dcc , ð27fÞ

Hcc,ij ¼ t1,iDcc,ijt2,jþT1,ijta,jt2,jþt1,ita,iT2,ij: ð27gÞ

Note that the definitions of R1g, R2g, and Rg2g

are similar to those Rcg, Rsg, and Rgsg, shown in
Eqs. (24a)–(24c). Generally, the entries in Ucs, Ucc, and
Dcc rapidly converge if the first and second orders of
reflected radiance are considered (i.e., consider the first
two terms of the right-hand sides of Eqs. (9), (12) and
(13)). A simple exponential interpolation method is used
to calculate the BRDF of cloud–surface system at user
defined viewing zenith angles (VZA).

5. Model validation

To validate, we implement a set of comparisons
between the newly developed fast RTM and a benchmark
model, DISORT run using 128 streams, with respect to
both the model accuracy and computational efficiency.
We compare the TOA reflectance simulations obtained by
both models for two scenes: (1) a single ice cloud layer
and (2) overlapped ice cloud layers. The ice cloud micro-
physical [57] and optical properties [58–60] employed in
the comparison are the same as those used in the current
operational MODIS Collection 5 algorithm. The pre-
computed ice cloud bidirectional reflectance database is
generated on the twisted icosahedral grid with 320
elemental facets (i.e., N¼160 in Eq. (14)). Fig. 6 shows
the relative errors of the fast model simulated TOA BRDFs
at 0.64 mm as functions of the VZA for the background,
which includes a single ice cloud layer and a reflective
non-Lambertian surface. The dependence of the relative
error on the solar zenith angle (SZA) is demonstrated by
using solid, dotted, and dashed lines to give the relative
errors in small (101), medium (351), and large (501) SZA
situations.

In general, the fast model provides satisfactory simula-
tions in the case of a single ice cloud layer located above a
non-Lambertian surface. The relative errors are smaller
than 1% if the SZA is smaller than 351. Note that the
relative errors of the optically thick (e.g., t¼5, lower
panel of Fig. 6) cloud layer cases are slightly smaller than
those of the moderately thick (e.g., t¼2, upper panel of
Fig. 6) cloud layer cases. The BTDF of a thick cloud is
smaller than the BTDF of a moderately thick cloud and the
errors resulting from the numerical integration in the
adding process may be mitigated. The relative errors are
maximized if both the VZA and SZA are large (i.e., up to 6%
if VZA4701 and SZA4451), which may be caused by the
relative large variation of cloud BRDF function in these
satellite geometries. Future work, such as restructuring
grids near the ‘‘equator region’’ to improve model accu-
racy for large VZA and SZA cases, is necessary.

The influence of multiple cloud layers on the accuracy of
the model simulation is considered by simulating overlapped
ice cloud layers above a non-Lambertian surface. Similarly,
comparisons between DISORT and the fast model (see Fig. 7)
indicate that the accuracy of the current fast model main-
tains an acceptable level even if the multiple cloud layers
give rise to more complicated processes in the forward
simulation. However, the relative errors exceed 1% when
the SZA is large and the upper cloud layer is transparent. It is
possible that the relatively large bias is caused by the average
of upper layer BTDF in the forward directions (e.g., scattering
angleo51) since the forward diffuse transmittance is max-
imized when the cloud is transparent.

With respect to the computational efficiency, a detailed
comparison is demonstrated in Fig. 8. As expected, the
computational efficiency of the current fast model is max-
imized for the case of a single cloud layer over a Lambertian
surface. The BRDF and BTDF of a cloud/aerosol layer can be
extracted easily from the pre-computed database and, more
importantly, no additional adding procedure is required in
the simulation based on the single-scattering approxima-
tion of clear-sky layers. When the presence of either a non-
Lambertian surface or multiple cloud layers is taken into
account, the efficiencies of both the DISORT and the fast
model decrease, though by different magnitudes. The fast
model calculates 80–90 times faster than the DISORT for
the cases of two overlapped ice cloud layers above a
reflective non-Lambertian surface. The computational effi-
ciency of DISORT gradually decreases with an increase in



Fig. 7. Same as Fig. 6, but for the overlapped ice cloud layersþnon-

Lambertian surface cases. Upper panel: t1¼0.5, t2¼2.0, Reff,1¼25 mm,

Reff,2¼40 mm; lower panel: t1¼5.0, t2¼3.0, Reff,1¼25 mm, Reff,2¼40 mm.

Fig. 8. The computing time ratio of DISORT (black: 128-stream mode;

gray: 16-stream mode) to the fast model as a function of number of VZA.

The ratio is independent to cloud optical and microphysical properties.

Three scenes are considered: single layer cloudþLambertion surface

(solid line), single layer cloudþnon-Lambertian surface (dotted line),

and overlapped cloudsþnon-Lambertian surface (dashed line).
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the number of user defined computing angles (i.e., not
Gaussian quadrature angles) due to additional interpolation
of computing angles to user defined VZA. However, the
increase in number of output VZA does not significantly
decrease the computational efficiency of the fast model
primarily because the most time consuming process in the
forward simulation is the numerical integration during the
adding processes. For current remote sensing purposes,
such as pixel-level cloud retrieval and forward simulation
coupled with a particular satellite-based instrument, the
calculation is based on specified solar-satellite geometry,
and for most cases, the result (i.e., TOA BRDF) at a unique
VZA is required. However, for scientific research purposes,
such as the study of model sensitivities to different factors,
the model simulations on a series of VZAs and azimuthal
angles may be desired. In these cases, this fast model has
the advantage of computational efficiency. Specifically, the
fast model runs 160 times, and 100 times faster than the
DISORT for a single layer with overlapped cloud layers
above a non-Lambertian surface.

DISORT results based on a 16-stream calculation are
also employed for comparison, as shown in Figs. 6–8.
Although the computing times of the fast model and the
16-stream DISORT have the same order of magnitude, as
evident from Fig. 8, the relative errors of a 16-stream
DISORT simulation can exceed 10% for several geometries
(see Figs. 6 and 7).

6. Summary

This study focuses on the development of a fast and
accurate RTM for cloud property retrieval purposes in the
solar spectral region. To do this, we separate the complex
radiation transfer process into six relatively simple events
governed by six independent RTEs and particular bound-
ary conditions such that analytical solutions can be
obtained under the plane-parallel approximation. The
AD algorithm is employed to calculate the total BRDF of
the consecutive non-clear (i.e., cloud/aerosol) layers, as
well as to consider the directional variation of surface
reflectance. Two approaches are used in the fast RTM to
increase the speed of the AD algorithm. First, the major
time consuming process, the doubling process, is avoided
by using pre-computed LUTs. Second, the twisted icosa-
hedral discretization scheme is adopted to improve the
efficiency and accuracy of the numerical integration.

The model is validated by comparison with the 128-
stream DISORT. As demonstrated in Section 5, the perfor-
mance of this fast RTM is satisfactory in terms of both
computing efficiency and accuracy. To be more specific,
this model is approximately 500 times faster than DISORT
for the case of one cloud or aerosol layer above a
Lambertian surface because of the use of pre-computed
BRDF/BTDF LUTs. With either an increase of non-clear
layers or the consideration of reflective non-Lambertian
surfaces, the efficiency of both the fast RTM and DISORT
decreases but by different magnitudes. However, the fast
RTM still performs approximately 100 times faster than
DISORT if two overlapped cloud layers and a non-
Lambertian surface are considered. Additionally, the fast
RTM exhibits a satisfactory simulation accuracy in the
range of possible satellite–solar geometries. Indeed, the
biases between the RTM and DISORT abruptly increase
when both SZA and VZA angles exceed particular thresh-
old values (i.e., SZA4451 and VZA4701). For most
instruments aboard a polar-orbiting satellite, the VZA
values are generally smaller than 701, such as MODIS
(�651) and the Visible/Infrared Imager Radiometer Suite
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(VIIRS, �701). For this reason, this fast RTM can be
applied to both forward modeling and cloud/aerosol
retrieval and is suitable for various space-based or aircraft
based observations in the VIS/NIR region.
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